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A Dynamic Model of U.S. Beef Cattle
Dinesh R. Poddaturi, Chad E. Hart, Lee L. Schulz, and Sébastien Pouliot
Abstract
We develop a simple and tractable model that will ultimately estimate and project
prices and quantities in the U.S. beef cattle industry. While the economic literature focuses
on static equilibrium displacement models to measure the impacts of policy proposals, the
present study develops a dynamic model that includes cattle of all ages, price expectations,
and demand for meat. In the cattle market, dynamics is an important feature, and absence
of dynamics could lead to biased long-run estimates. By including dynamics we directly use
data to estimate prices and quantities rather than relying on static counterfactuals. First
we present and derive the model to provide an analytical solution. We then use numerical
methods to solve the model using available data. The estimated holding costs are below the




Concerns over animal disease events, trade disruptions, and supply chain management are
leading to calls for change in the production, processing, and distribution of U.S. beef. The
United States is the largest consumer of beef in the world followed by China and Brazil.
According to the report published by the USDA-Foreign Agricultural Service 1, the world
consumed 60.7 million metric tons of beef in 2018. The amount of beef consumed by the
United States is roughly 21% of the beef consumed by the entire world.
The production of beef cattle is a dynamic process. Farmers move cattle through several
stages of the production to increase profits and minimize costs. The majority of U.S. calves
are born in the spring (Schulz et al., 2016; USDA-NASS, 2016). New born calves spend
the first months of their lives with the dam. At around six months of age, the majority of
the calves are weaned and then sent into backgrounding where calves are fed dry forage,
silage, and grains for about four to six months. A share of the calves, mostly female, are
not sent into backgrounding. They are kept on the farm for replacement breeding stock.
Grain-finished cattle are typically harvested between 12 and 24 months of age. Calf-feds
typically are 12 to 16 months old at harvest, depending upon length of the finishing period.
Most cattle fed as yearlings or long-yearlings are harvested between 16 and 24 months of age
(Stuttgen, 2019). Ultimately, production timelines for different regions and depend on the
availability and costs of feed and other resources. For example, in regions with more access
to pastureland, cattle often spend more time and gain more weight on pastureland than in
feedlots.
For farmers, cattle are both capital and consumption goods (Rosen et al., 1994). A calf
that is destined for slaughter as a fed animal is a production good, since it will be sold at
the market price. In contrast, a calf that is kept on the farm and added to the breeding
stock is a capital good because it will contribute to the future production for up to 10
11USDA-FAS; Livestock and Poultry: World Markets and Trade - October 11, 2018.
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years. In the literature, this process is recognized as a dynamic process (Jarvis, 1974; Rosen,
1987; Rosen et al., 1994). The biological process of growing cattle creates greater supply,
demand, and market price dynamics than for many other commodities. Most studies that
focus on dynamics in the beef cattle industry specifically seek to determine what the dynamic
processes are. These studies, by their construction, often do not have direct applications in
investigating the impacts of policies affecting the beef cattle industry.
Models for policy analysis of the beef cattle industry typically deviate from dynamics
and rather employ simulations in static equilibrium displacement models (EDMs). EDMs
are used to measure the impacts of several types of policy proposals. Notable studies are
Schroeder et al. (2009) on the benefit-cost analysis of the national animal identification system
and Brester et al. (2011) on the effects of livestock and red meat traceability programs on
meat prices, quantities, and producer and consumer surplus. In these studies the authors do
not account for producers decisions on whether to retain animals or send them to slaughter.
Additional past studies include Pendell et al. (2010) on animal identification and tracing in
the United States, Brester et al. (2004) and Tonsor et al. (2015) on the impacts of the country
of origin labeling (COOL) in the U.S. red meat industry, and Tonsor and Schroeder (2015)
on the impacts of E. Coli vaccination in U.S. feedlot cattle. All these models are simplified by
not considering dynamics. Studies without dynamics facilitate the inclusion of other markets
like swine, poultry, dairy, and the inclusion of several stages of the supply chain from farm to
consumer. Static models of the cattle sector are useful in informing policies and can provide
fairly accurate predictions in the short-run. However, in the beef cattle market, dynamics are
an important feature, which implies that static models can be biased when trying to predict
several years into the future.
Studies which include dynamics are focused on prices and expectations (naive, quasi-
rational, rational) of prices. Aadland (2004) examine heterogeneous expectations and the age
distribution of capital by considering cattle as capital. This study incorporates price shocks
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exogenously and investment decisions by allowing two different types of ranchers (one who
treats expected futures as endogenous and another who treats expected futures with naive
expectations). Chavas (2000) investigates the nature of dynamic prices and expectations
in a competitive market. Their model is applied to U.S. beef market and they find that
18%, 35%, and 47% of the market participants follow rational, quasi-rational, and naive
expectations respectively. In these aforementioned models, the dynamics of cattle production
is not included. Hence any predictions based on these model could be biased or inaccurate in
the long-run.
Although dynamics is an important driver of cattle markets, current policy analysis
of the cattle market discounts its importance by relying on static models. Calibration of
these models uses relatively old and fragile estimates; hence, there is potential to significantly
improve policy analysis of the cattle industry by using a dynamic model that calibrates
directly from the data rather than relying on static counterfactuals and parameter estimates
from the literature. Policies that limit cattle movement or mandate traceability, identification,
vaccination, or even mitigation of greenhouse gas emissions routinely reappear in policy
discussions of the cattle sector. The recurrence of discussions about these policy issues reflects
technological improvements that lower costs and open new approaches to old problems, new
knowledge, pressure from trading partners and environmental concerns.
Considering all these potential changes in the U.S. cattle industry, the purpose of this
study is to develop an economic framework to more appropriately quantify the economic
impacts of numerous policy proposals on the U.S. cattle sector. We develop a dynamic model
that will yield more accurate estimates of the economic impacts of policies affecting the beef
cattle sector, and how these impacts vary over time.
4
2 The model
The temporal arbitrage conditions are specific to the age of cattle, in the following all the
conditions are mentioned. But first we introduce the notation and the assumptions that are
made in the model.
2.1 Notation
• Vj,t+1 is the value of a cow of age j.
• ps,t is the price of steers and heifers for slaughter.
• pc,t is the value of culling 2 a cow at time t. All cows have the same culling value.
• ht is the unit holding cost of an animal. We assume that it is exogenous, stochastic
and depends on the price of corn.
• γ0 and γ1 are proportion factors for the cost of holding respectively new-born and
one-year-old calves.
• β is the discount factor.
• g is the breeding rate.
• kj,t is the stock of cows of age k at time t.
• Kt =
∑9
j=2 kj,t is the total breeding stock.
2.2 Assumptions
• Cows can have a calf every year.
• Use the word slaughter for steers and heifers and the word cull for cows.
• Once a cow is 10-year old it is culled and has a value pc,t.
• A cow is first bred when it is two years old.
• We assume that a cow must survive to the next period for her calf to survive as well.
Thus, the size of the calf crop is proportional to the stock of cows in the next period.
• A cow survives to the next period with a probability δ.
2Culling is defined as the departure of cows from the herd because of sale, slaughter, salvage, or death
(Fetrow et al., 2006).
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• Half of the calves are steers and they are all slaughtered when they are 2 years old.
The number of steers at time t is 0.5gKt−1.
• We ignore the bull population because it is small.
• Heifers are either slaughtered or added to the breeding stock. The number of heifers at
time t is 0.5gKt−1.
• The number of cattle slaughtered equals consumption and is written as qt = gKt−1 −
k3,t+1, where k3,t+1 ≤ 0.5gkt−1.
2.3 Holding costs
The discounted cost of holding cows for one more year is given by:
zt = ht + βgγ0ht+1 + β2gγ1ht+2. (1)
Equation 1 says that if a farmer keeps a cow for one more year, the farmer commits to the
cost of feeding that cow for the next year and its progeny for the next two years. Rosen et al.
(1994) specify holding costs in the same manner.
The unit holding cost, ht, depends in large part on the price of feed, mainly the price
of corn and the price of forage, in different proportions depending on the region. Here, we
will take holding costs based on the price of corn, assuming that the price of forage and
other feeds are correlated with the price of corn and assuming that other costs are fixed.
We calibrate the parameters β, g, γ0 and γ1 using information from the literature and from
existing models.
2.4 Arbitrage conditions by cohort
Here we describe the arbitrage conditions by cohort. The equations take similar forms but it
is important to understanding timing, in particular for older and younger cows.
Farmers with 9-year old cows can either breed them for one more year or cull them in
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the current period. If a farmer breeds a 9-year old cow for one more year, the farmer will
cull the cow in the next period by assumption within our model. In practice, the number of
breeding cows more than 10-years old is small and it is a common practice to cull cows when
they reach about that age.
2.4.1 9-year old cows
The value of a 9-year old cow is
V9,t = max{pc,t, Et[βpc,t+1 + gβ3ps,t+3 − zt]} (2)
where pc,t is the value of culling the cow this year and Et[βpc,t+1 + gβ3ps,t+3 − zt] is the
net value of breeding the cow this year, culling the cow next year, and capturing the slaughter
value from the calf. If Et [βpc,t+1 + gβ3ps,t+3 − zt] > pc,t, then a farmer keeps the cow for one
more year such that k10,t+1 = δ9k9,t where δ9 is the survival rate of 9-year-old cows. That is,
if that inequality holds, the farmer maximizes profit by breeding all of the 9-year-old cows.
Conversely, if Et [βpc,t+1 + gβ3pt+3 − zt] < pc,t, a farmer culls all of the 9-year old cows such
that k10,t+1 = 0. Finally, if Et [βpc,t+1 + gβ3ps,t+3 − zt] = pc,t, then the farmer will cull only a
fraction of the cows such that k10,t+1 ∈ (0, δ9k9,t).
2.4.2 8-year old cows
The arbitrage condition for an 8-year old cow is similar. Farmers with 8-year old cows can
either breed them for one more year or cull them in the current period. Of course, a farmer
would cull an 8-year cow only if the farmer already has culled all of the 9-year cows.
If a farmer breeds a cow for one more year, they expect to earn EtV9,t+1 in the next
period. Thus, we can write the value of an 8-year old cow as
V8,t = max{pc,t, Et[βV9,t+1 + gβ3ps,t+3 − zt]}, (3)
At equilibrium, V8,t ≥ V9,t because the lowest value it can take is pc,t and Et [βV9,t+1 + gβ3ps,t+3 − zt] >
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Et [βpc,t+1 + gβ3ps,t+3 − zt]. The value for the 8-year old cow contains the expected value for
a 9-year old cow which we can write as
EtV9,t+1 = max{Etpc,t+1, Et[βpc,t+2 + gβ3ps,t+4 − zt+1]}. (4)






βmax{pc,t+1, βpc,t+2 + gβ3ps,t+4 − zt+1}+ gβ3ps,t+3 − zt
]}
. (5)
2.4.3 Cows between 3 and 7 years old
For cows between 3 and 7 years old, the arbitrage conditions are analogous to the arbitrage
condition for 8-year old cows. We will not fully expand upon all these conditions as they are
repetitive and grow in complexity rapidly.
The value to a farm of a 7-year old cow is
V7,t = max{pc,t, Et[βV8,t+1 + gβ3ps,t+3 − zt]}. (6)
We can iteratively substitute for V8,t+1 and then V9,t+2 to find an expression that contains
observed and expected prices.
Farmers rarely cull younger cows as they will cull older and less performing cows first,
such that the culling of cows that are 6 years old or less is an unlikely event. The main reason
is that the conditions that would lead farmers to cull younger cows are quite extreme and
in practice we do not expect such conditions to happen regularly. Younger cows have many
years of useful life ahead and a farmer would need to have dire expectations about the future
to cull a young cow. Another reason is that risk-loving farmers may prefer to maintain a
sufficiently large breeding herd even though market conditions signal to the opposite. Farmers
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may also have positive outlooks on the future despite the market signaling the opposite.
Based on this observation, we assume that farmers never cull cows that are 6 years old
or younger.3 The assumption has to do with the comparison of the expected future value
and their value for culling. For k ∈ {3, 4, 5, 6}, we can write
Vk,t = Et[βVk+1,t+1 + gβ3ps,t+3 − zt] ≥ pc,t. (7)
The implication is that for younger cattle the annual transition is determined by the survival
rate of each cohort such that we can write k4,t+1 = δ3k3,t, k5,t+1 = δ4k4,t, k6,t+1 = δ5k5,t and
k7,t+1 = δ6k6,t.
2.4.4 Two-year old heifers
Farmers with two-year old heifers have the choice to either send them to slaughter or add
them to the breeding stock. The value of a heifer is
V2,t = max{ps,t, Et[βV3,t+1 + gβ3ps,t+3 − zt+1]}, (8)
where ps,t is the slaughter price. Only heifers can be kept in the breeding herd, therefore
putting an upper limit to the number of heifers bred given by k3,t+1 ≤ 0.5gKt−1. In practice,
it is never the case that k3,t+1 = 0, i.e., no heifers are added to breeding herd. Thus, we only
consider the interior solution where k3,t+1 ∈ (0, 0.5gKt−1) such that
ps,t = Et
[
βV3,t+1 + gβ3ps,t+3 − zt+1
]
. (9)
2.5 Demand for beef and cattle
Most meat from steers and heifers (hereafter referred to as fed cattle) makes higher value
cuts (e.g. steaks), while meat from cull cows makes lower value beef (e.g. ground beef). Beef
3In practice farmers will cull cows that are sick or injured. We consider these cases as natural mortality
using the parameter for the survival rate, δk,t.
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products from fed cattle and from cows are imperfect substitutes, with fed cattle meat being
of higher quality. Prices for fed cattle and cull cows reflect the difference in the quality of
meat products from cattle of different ages.
Our model recognizes the quality difference between beef products from fed cattle and
cull cows. The demand for cattle derives from the demand for beef. Accordingly, we proceed
in two steps. We begin by modeling consumer demand for beef products, assuming that
distinct products are made out of fed cattle and cull cows. We then turn to beef packing
production technology, which allows us to derive an expression for the demand for fed cattle
and cull cows.
2.5.1 Consumer demand for beef products
Beef from fed cattle is considered as a higher quality product than beef from cows. In practice,
this means that if prices for beef from fed cattle and beef from cows are the same, consumers
will choose beef from fed cattle. This is a simplification because an animal yields many
different cuts with a wide range of values.
The intensity preference for beef will vary across consumers depending on their intrinsic
characteristics. We model these preferences using a standard choice model where the diversity
of preferences is captured using a distribution function. The utility a consumer derives from
one unit of beef is
θj − wj, (10)
where wj is the retail price of beef for j ∈ {s, c}. The parameter θj is the utility to a consumer
of beef of type j, excluding the purchase cost wj. A consumer purchases beef from a fed
cattle if
θ ≡ θs − θc > ws − wc ≡ w. (11)
Equation 11 says that a consumer purchases beef that yields the most utility. We can interpret
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θ as consumer willingness to pay for beef from fed cattle over beef from cows, and we can
interpret w as the premium for fed cattle beef over beef from cows.
The parameter θ summarizes consumer preferences. Consumers are not identical and
we expect some to have strong preferences for a steak from slaughter cattle while others
are content with ground beef coming mostly from cows. We write that h(θ) is the marginal
distribution of willingness to pay, defined between a lower bound of θ and an upper bound
of θ. Consumers who purchase beef from fed cattle over beef from cows are those with
willingness to pay a greater price premium as equation 11 shows. We can write that the share
of consumers who purchase beef from fed cattle is
∫ θ
w
h(θ)dθ = 1−H(w). (12)
The share of consumers who purchase beef from cows is
∫ w
θ
h(θ)dθ = H(w). (13)
Because the cumulative distribution functionH(w) is increasing, the share of beef derived from
fed cattle purchased by beef packers decreases as the price premium w increases. Conversely,
the share of beef derived from cull cows purchased by packers increases as the price premium
w increases.
Equations 12 and 13 give the consumption shares for a given premium w. We multiply
these shares by the total consumption of beef. Let us write that total consumption of beef as
Qb(ws, wc) = Qs(ws, wc) +Qc(ws, wc), (14)
where we can write Qs(ws, wc) = (1 −H(w))Qb(ws, wc) and Qc(ws, wc) = H(w)Qb(ws, wc).
The total demand for beef, Qb(ws, wc), depends on prices for the beef categories and depends
on other variables that we do not identify to avoid notational clutter. The specification of
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H(w) is discussed in the next section. These variables include prices for substitute products,
seasonality, size of the population, income, and trends.
We simplify by assuming that the total demand for beef is perfectly inelastic in the
short run such that A = Qb(ws, wc). The reason for this assumption is that it will make
calibration of the model much simpler. Although we assume a perfectly inelastic demand in
the short run, we can allow for the value of A to change over time to adjust for trends and
to vary according to changes in the price of beef relative to other meat products. We can
also introduce stochasticity in the demand through the demand parameter A or by using an
additive stochastic parameter to the demand equation.
In what follows, it is useful to work with inverse demand equations. Let us write the
inverse demand functions as ws(Qs, Qc) and wc(Qs, Qc).
2.5.2 Derived demand by packing houses
Beef packers purchase cattle from farmers and sell meat to consumers. Therefore, they
demand cattle from farmers and supply meat to consumers. We derive these supply and
demand curves based on the packer’s production technology.
We will focus on packers that process both fed cattle and cull cows. In practice, most
packers specialize in the processing of fed cattle or in the processing of cull cows. We do
not expect these plants to switch to cattle of another age category unless there is a large
change in their relative prices. Some plants do accept both fed cattle and cull cows. These
plants will typically take fed cattle on certain days of the week and cull cows on other days
of the week. The number of days devoted to each age category depends on their relative
profitability. Plants that can arbitrage between cattle of the two age categories are the ones
that matter at the margin.4 This is why we focus on the profit of a plant that can process
animals of the two age categories.
The production technology of transforming live cattle into meat is simple. A live cattle
4This assumes no corner solution where the capacity to process cattle of a certain age category is binding.
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carcass yield is on average about 62-64%.5 The yield varies by cattle weight, cattle breed and
age.6
We assume that packers have Leontief production technology where the total quantity
of beef produced by a plant n is given by
qn = qns + qnc = min(φsXns + φcXnc, z), (15)
where φi is meat yield, Xni is the quantity of cattle of category i ∈ {s, c} and z is the quantity
of other inputs. The literature shows evidence of increasing returns to scale in meat packing
(Ball and Chambers, 1982; Azzam and Anderson, 1996; Xia and Steven, 2002). Assuming
constant returns to scale simplifies the model and is consistent with fixed processing capacity
in the short-run.
We can write the profit of a packing plant as
Πn = wsφsXns + wcφcXnc − psXns − pcXnc − (φsXns + φcXnc)pz, (16)
where pz is the price of other inputs. Taking the first order conditions, assuming perfect
competition we find
φsws − ps − φspz ≤ 0, (17)
φcwc − pc − φcpz ≤ 0. (18)
For a competitive packer, the first order conditions permit three solutions: two corner
solutions where the plant processes only either fed cattle or cows, and an interior solution
where it processes both. Our interest here is in a marginal plant that will process both cattle
5Penn State Extension; Understanding beef carcass yields and losses during processing - August 4, 2016.
6The meat yield is lower, as not all bones and fat are sold to consumers at retail. For example, fat rendering
is used as an input in the production of biodiesel. Out of 750 pound fed steer carcass, about 450 pounds is
boneless trimmed beef, 150 pounds fat trim and 110 pounds bone. See https://extension.sdstate.edu/how-
much-meat-can-you-expect-fed-steer for more information.
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categories, such that the two first order conditions hold with equality. These equations give
us that ps = φs(ws − pz) and pc = φc(wc − pz), such that we can write the inverse demand
for fed cattle as
ps(Xs, Xc) = φs(ws(φsXs, φcXc)− pz), (19)
and for cows as
pc(Xs, Xc) = φc(wc(φsXs, φcXc)− pz). (20)
Thus, the demands for fed cattle and cows are proportional to the beef products for the two
categories, and shifted down to reflect processing costs.
For the purpose of calibrating the model to the data, we must specify a functional form
for the demand, which requires specifying an expression for H(w).
We want a distribution function defined over the positive and negative intervals, capable
of capturing a wide range of preference for beef products, and possessing a small number of








where µ is the mean and median willingness to pay for beef from fed cattle over beef from
cows and σ is a scale parameter. The variance of the logistic distribution is given by (σ2π2)/3.
We can express the distribution of willingness to pay as it applies to the derived demand
for cattle by packer. From the first order conditions for a packer’s profit maximization, we
can write ws = psφs + pz and wc =
pc
φc
+ pz such that w ≡ ws − wc = psφs −
pc
φc
= p̃s − p̃c ≡ p̃.
We must also adjust the units for µ and σ. In the distribution of willingness to pay for beef,
µ and σ are measured in dollars per pound of beef. To modify these parameters into dollars
per pound of live cattle, we multiply them by φ which is measured in pounds of beef per
14







We must also adjust the parameter for the demand intensity by writing that Ã = A
φ
such
that the demand for fed cattle is given by Xs = Ã(1−H(p̃)) and the demand for cull cows is
given by Xc = ÃH(p̃).
Calibrating the demand equations will require finding values for the parameters A, µ, s,
φs and φc. We can find values for µ and s from the observed value for p. In equilibrium, as
equation 11 shows, θ = p so that the empirical distribution parameters for the premium will
follow those for θ, meaning that we can calculate µ = p and s = σp
√
3/π, where σp is the
standard deviation for p. The only remaining parameter is A, which captures the intensity of
the demand for cattle. We will find the value for A using the observed data.
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3 Solving the model
The model comprises several equations and variables. In what follows, we will focus on
the equations that describe how farmers optimize profits by choosing to breed, slaughter or
cull cattle. After solving these equations, it will be straightforward to solve for prices and
quantities at the consumer level.
The equations of the model are as follows:




























βV4,t+1 + gβ3ps,t+3 − zt
]
> pc,t =⇒ k4,t+1 = δ3k3,t; (26)
V4,t = Et
[
βV5,t+1 + gβ3ps,t+3 − zt
]
> pc,t =⇒ k5,t+1 = δ4k4,t; (27)
V5,t = Et
[
βV6,t+1 + gβ3ps,t+3 − zt
]
> pc,t =⇒ k6,t+1 = δ5k5,t; (28)
V6,t = Et
[
βV7,t+1 + gβ3ps,t+3 − zt
]



















βct+1 + gβ3ps,t+3 − zt
]}
; (32)
V10,t = pc,t =⇒ k11,t = 0. (33)
Equation 23 says that the supply of fed cattle equals the demand for fed cattle. Similarly,
equation 24 says that the supply of cull cows equals the demand for cull cows. Equation 25
is the arbitrage condition for fed cattle. Equations 26-29 are the arbitrage conditions for
cows between 3 and 6 years of age. Recall that we assume farmers never cull cows 6 years or
younger which implies that the number of cows for these younger cohorts carries to the next
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year, adjusting for natural death. Equations 30-32 determine the choice between keeping
cows for one more year or culling cows between 7 and 9 years of age. Finally, equation 33
says that all 10-year cows are culled such that there are no 11-year old cows.
The next step is to specify how farmers form their expectations of future prices. Indeed,
equations 23-32 imply that farmers form price expectations for prices several years into the
future. In the next subsection, as an initial run for the model, we assume the farmers’ use
naive expectations to find the prices and quantities.
3.1 Naive expectations
We refer to naive expectations as a situation where producers use prices in the current period
as the expected prices in all future periods.7 For example, under naive expectations, we can
write that
Etps,t+3 = Etps,t+2 = Etps,t+1 = ps,t, (34)
and that
Etpc,t+3 = Etpc,t+2 = Etpc,t+1 = pc,t. (35)
Assuming naive expectations simplifies the model quite significantly. Equations 23 and
24 remain unchanged as they only contain contemporaneous variables. For cohort from j = 2
to j = 9, we have the following equalities
ps,t = βEtV3,t+1 + gβ3ps,t − Etht (1 + βg(γ0 + βγ1)) ; (36)
kj+1,t+1 = δkj,t ∀j ∈ [3, 4, 5, 6] (37)
Vj,t = max{pc,t, βEtVj+1,t+1 + gβ3ps,t − Etht(1 + βg(γ0 + βγ1))]} ∀j ∈ [7, 8, 9] (38)
V10,t = pc,t =⇒ k11,t = 0. (39)
7We could alternatively use the price in the previous period. This would actually make it simpler to solve
the model but it would be less realistic, as it would assume that farmers ignore the information provided by
the current price.
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Where we assume that ht is stationary such that Etht = Etht+1 = Etht+2. Under naive
expectations, our model reduces to four cases. We describe the equations for cows aged
between 7 and 10 years of age below for these four cases.
3.1.1 Case I: only 10-year old cows are culled
The first case is where farmers only cull 10-year old cows. In that situation, the equations for
cows aged between 7 and 10 years of age below are:
kj+1,t+1 = δkj,t ∀j ∈ [7, 8]
βpc,t + gβ3ps,t − Etht (1 + βg(γ0 + βγ1)) > pc,t =⇒ k10,t+1 = δk9,t;
V10,t = pc,t =⇒ k11,t = 0.
(40)
Observe that we do not need to solve for EtV10,t+1, EtV9,t+1 or EtV8,t+1 because we assume
that farmers cull older cows first. Thus, because farmers do not cull 9-year old cows, they do
not cull 8 and 7 year old cows either.
3.1.2 Case II: some 9-year old cows are culled
In the second case farmers cull some 9-year old cows. The equations for cows aged between 7
and 10 years of age below are:
kj+1,t+1 = δkj,t ∀j ∈ [7, 8]
βpc,t + gβ3ps,t − Etht (1 + βg(γ0 + βγ1)) = pc,t =⇒ k10,t+1 ≤ δk9,t;
k11,t = 0.
(41)
Again, we do not need to solve for EtV9,t+1 or EtV8,t+1 because we assume that farmers cull
older cows first. We solve for k10,t+1 using the arbitrage equality for 10-year old cows.
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3.1.3 Case III: some 8-year old cows are culled
The third case is when farmers cull some 8-year old cows. The equations for cows aged
between 7 and 10 years of age for that case are:
k8,t+1 = δk7,t;
βpc,t + gβ3ps,t − Etht (1 + βg(γ0 + βγ1)) = pc,t =⇒ k9,t+1 ≤ δk8,t;
kj+1,t+1 = 0 ∀j ∈ [9, 10]
(42)
3.1.4 Case IV: some 7-year old cows are culled
Finally, the last case is when farmers cull some or all their 7-year old cows. The equations
for cows aged between 7 and 10 years of age below are:
βpc,t + gβ3ps,t − Etht (1 + βg(γ0 + βγ1)) ≤ pc,t =⇒ k8,t+1 ≤ δk7,t;
kj+1,t+1 = 0 ∀j ∈ [8, 9, 10]
(43)
3.1.5 Expected return for a 2-year old heifer
Equation 36 contains V3,t+1, the expected value of a three year old cow in the next period.
This value contains expectations for the return to a cow for its entire life. We must compute
an expression V3,t+1 and assuming naive expectations significantly simplifies the process.
After a few substitutions, we can write the expression for the discounted expected return of a
three year old cow as
βV3,t+1 = β5EtV7,t+5 +gβ4(1+β+β2 +β3)ps,t−(1+β+β2 +β3)(1+βg(γ0 +βγ1))Etht (44)
In this expression, we stopped computing expectations for cows that are 7 years old or older
because we have not described yet how farmers form expectations about how long they will
keep a cow.
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We assume that farmers will only cull cows that are 7 years or older. This means that
a foreseeing farmer would assign probabilities that they will cull a cow at ages between 7
and 10 years old. We could in practice assign those probabilities and calculate EtV7,t+5 using
them. However, we will adopt a simpler approach because in practice most cows are culled
either at 9 or 10 years old. Thus, in calculating EtV7,t+5, we assume that a cow is culled only
at the end of its useful life, i.e., 10 years old, and that market conditions do not play a role
in early culling. This simplifying assumption does not play an important role in our model
because the expected value of older cows is quite heavily discounted.8
3.1.6 Solution for Case I: only 10-year old cows are culled
With the assumption that farmers expect to keep their cows until they are 10 years old, we
can write after a few manipulations that
βV3,t+1 = β8pc,t + gβ4
1− β7
1− β ps,t − β(1 + βg(γ0 + βγ1))
1− β7
1− β Etht. (45)
We can insert 45 in equation 36 to complete and solve the model under naive expectations.
After plugging in 45 in equation 36 and after some manipulations, the system for Case I
becomes
k11,t = 0 (46)
kj+1,t+1 = δkj,t ∀j ∈ [3, 4, 5, 6, 7, 8, 9] (47)
ps,t = β8pc,t + gβ3ps,t
1− β8
1− β − (1 + gβ(γ0 + βγ1))
1− β8
1− β Etht (48)
k10,t = A
1















8The assumption is also consistent with the often optimistic view that farmers have regarding their
livestock. It might indeed be the case that farmers always expect to keep their cows for 10 years (Powell and
Ward, 2009).
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3.1.7 Solution for Case II: Some 9-year old cows are culled
In this case we assume that farmers keep their cows until they are 9 years old and then cull
them. After a few manipulations βV3.t+1 becomes
βV3,t+1 = β7pc,t + gβ4
1− β6
1− β ps,t − β(1 + βg(γ0 + βγ1))
1− β6
1− β Etht (51)
Similar to Case I we insert 51 in equation 36 and solve the model under naive expectations.
After some manipulations, the system for Case II becomes
k11,t = 0 (52)
βpc,t + gβ3ps,t − Etht(1 + βg(γ0 + βγ1)) = pc,t =⇒ k10,t+1 ≤ δk9,t (53)
kj+1,t+1 = δkj,t ∀j ∈ [3, 4, 5, 6, 7, 8] (54)
ps,t = β7pc,t + gβ3ps,t
1− β7

























We can solve the model for all other cases (Cases III and IV) similar to the cases above.
For brevity, we do not present them here. Once we have analytical expressions, all we need
to do is to solve for the parameters by using the system of equations. We use the observed
data and numerical methods to solve for the parameter values. Note that we always have a
boundary condition here which is 0.5gKt−1 > k3,t+1. This boundary condition will ensure
that we calculate realistic quantities and prices. In the next section we present the numerical
solution for the model using data.
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4 Numerical Solution
To obtain a numerical solution to the system of equations, i.e., estimating the parameters,
we use the observed data. We use historical data of inventory measured in number of head.
These data contain the number of head of different categories of animals including calves,
bulls, dairy cows, heifers, steers, replacement animals, death/loss of animals in a given year.
The data are publicly available from USDA-NASS.9 We use the data that are available in all
years (for some categories the data are available from 1980) and are most recent. The data of
production, imports, exports, beginning stocks, and ending stocks of meat is used to find the
demand for beef in a given year. The data are publicly available from the USDA-Production,
Supply and Distribution database.10 The prices received for cows, steers and heifers are also
available at USDA-NASS. We use all these data to fit the model and find the parameters.
Some of the parameter values are taken from the literature and are fixed in the model.
The discount rate β, survival probability δ, breeding rate g are fixed at 0.98, 0.95, 0.97
respectively. Other parameters γ0 and γ1 are set to 0.90 and 0.95. Finally the carcass yield
for both cows, steers and heifers is set to 0.63. The average weight of the animal is assumed
to be 1250 pounds. Inventory data is used to calculate imports, exports, the number of
animals slaughtered, and the percentage of animals that are culled. The age distribution of
the animals is also calculated using the inventory data. This distribution contains the total
stock in any year as well as the number of animals from age 3 onwards. The calculations
suggest that the cows are culled when they reach 9 years, this implies that there are no
animals of age 10 in any year. Hence to obtain a numerical solution we proceed with what
the data suggest, that is we use the analytical solution of case II in section 3.
All the available inventory for fed cattle and cull cows is converted into billion pounds
of meat.11 From the data we know the supply of slaughter meat and cull meat. Using the
9https://quickstats.nass.usda.gov/.
10https://apps.fas.usda.gov/psdonline.
11Note that the inventory is available in number of head and the demand is in pounds of meat, hence the
need for unit conversion.
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demand and prices received we solve for the best fit for µ̃ and s̃.12 Finally, holding costs are
calculated by using equation 53 and the prices received for fed cattle and cull cows.
The estimated µ̃ and s̃ are 4.163074 and 2.017683 respectively. To evaluate the fit for
these initial settings of the model, equations 55, 56, and 57 are used to solve and compute
the price and cost estimates in a given year.13 Table 1 lists the observed & estimated prices
and costs from 2009 to 2017. In the table, the estimated fed cattle price, cull cow price, and
holding cost are denoted by p̂s, p̂c, and ĥ respectively. Our model overestimates the fed cattle
price and holding costs. The model underestimates the cull cow prices. The holding costs are
below the cull cow prices. From figures 1, 2, and 3, all the estimated prices and costs follow
the same trend as the observed counterparts. This means the model is capturing the general
patterns within the beef industry, but needs some input calibration and parameter tuning to
more finely imitate the observed data.
Year ps p̂s pc p̂c h ĥ
2009 85.4 92.80 44.8 37.57 28.12 27.59
2010 97.7 102.53 54.8 50.37 32.15 30.90
2011 117.0 116.54 71.2 72.51 38.46 35.86
2012 123.0 130.35 81.7 74.55 40.38 39.79
2013 126.0 140.22 82.3 67.80 41.37 42.21
2014 153.0 158.08 107.0 102.36 50.19 48.83
2015 148.0 164.25 103.0 86.35 48.55 49.77
2016 121.0 140.62 74.3 54.07 39.77 41.66
2017 122.0 142.13 69.1 48.43 40.14 41.81
Table 1: Observed & estimated prices and costs (in $/cwt)
12We use sum squared error as the loss function.
































































Figure 3: Observed & estimated holding costs
5 Conclusion
A dynamic model is developed for the U.S. beef cattle industry. This model includes the age
distribution of beef cattle, fed cattle and cull cow prices, holding costs, and the share of fed
cattle and culled animals. Using naive expectations for prices and costs, we used the model
and the observed data to estimate the prices, costs, and the share of fed cattle and culled
animals slaughtered. The observed data indicates that producers cull cows when they reach
9 years of age. Given the current settings for the model, it overestimates the fed cattle price
and holding costs and underestimates the cull cow price, but the estimated prices and costs
follow the same patterns as the observed data. Our model can be improved by calibrating the
demand equation and fine tuning model parameters, such as µ̃, s̃, and weight of the cattle.
For future work, we will improve our model and extend the model to use rational expectations
and employ the collocation method to solve the model. Once the model is refined, then it
will be utilized for policy evaluation in the beef cattle industry.
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